Axion-like particle (ALP) dark matter shows distinctive behavior on scales where wavelike effects dominate over self-gravity. Ultralight axions are candidates for fuzzy dark matter (FDM) whose de Broglie wavelength in virialized halos reaches scales of kiloparsecs. Important features of FDM scenarios are the formation of solitonic halo cores, suppressed small-scale perturbations, and enhanced gravitational relaxation. More massive ALPs, including the QCD axion, behave like CDM on galactic scales but may be clumped into axion miniclusters if they were produced after inflation. Just as FDM halos, axion miniclusters may host the formation of coherent bound objects (axion stars) by Bose-Einstein condensation. This article presents a selection of topics in this field that are currently under active investigation.
Introduction
There is a broad consensus that dark matter exists, based on evidence of its gravitational interaction across a wide range of astronomical scales [1] . But what is it? The answer to this question is not known, but we have a good idea of what it isn't: dark matter is nonrelativistic, non-collisional, and non-interacting with other components of the universe, at least within increasingly restrictive bounds. There are also tight constraints on significant amounts of dark matter consisting of compact macroscopic objects (MACHOs). The phenomenology of cosmological hierarchical structure formation within this standard paradigm of "cold dark matter" (CDM) is well-studied and reasonably well understood from the largest observable scales deep into the nonlinear regime of gravitationally bound structures [2, 3, 4, 5] .
The specifications for CDM are naturally satisfied by weakly interacting, thermally produced particles beyond the standard model with sufficiently high masses to be nonrelativistic during structure formation (such as, e.g., thermal WIMPs) [6] . On the other side of the mass spectrum, extremely small particle masses are indeed allowed for weakly interacting bosons in very low, highly populated momentum states, implying that they were produced non-thermally . Such condensates 1 are described by classical scalar fields obeying the Schrödinger-Poisson equations in the nonrelativistic regime. On length scales far above the de Broglie wavelength, those condensates behave like CDM with respect to gravitational interactions, hence the standard phenomenology applies. New, interesting physics occurs on scales close to the de Broglie length. Current observations are consistent with de Broglie lengths on kiloparsec scales, corresponding to scalar field masses in the neighbourhood of 10 −22 eV. Important open questions about the structure of dark matter halos remain on small mass scales, i.e. those of dwarf galaxy mass and below, but there are no unequivocal deviations from the predictions of CDM combined with baryonic astrophysics. These scales are most strongly affected by non-CDM physics since their relative baryon mass is small and their abundance places constraints on the linear matter power spectrum that are compatible with and similarly as strong as those from large-scale structure probes. Again, small-scale nonlinear structures are the most interesting for identifying light bosonic dark matter. These arguments justify the focus on small-scale structure in this article.
In the absence of a microscopic theory, classical scalar field dark matter is specified at the level of the effective equation of motion, the nonlinear Schrödinger-Poisson equation. It gives rise to a rich phenomenology depending on the sign and magnitude of the local nonlinear term that signals either attractive or repulsive self-interactions. Axion-like particles (ALPs) represent a special class of microscopic scalar theories with a periodic potential that determines the sign of the local nonlinearity to be negative, corresponding to self-interactions that are attractive at leading order, and fixes its magnitude in terms of the particle mass and coupling constant. Under the circumstances of cosmological structure formation, the local nonlinearity is usually subdominant to the nonlocal gravitational interaction and plays no dynamical role in most of the standard scenarios. The cosmological behaviour of ALPs is thus very well approximated by that of a massive scalar field with negligible non-gravitational couplings.
Axions that solve the strong CP problem (QCD axions) are generally too massive to give rise to observable effects on astronomical scales. However, in cases where the axion field comes into existence by spontaneous symmetry breaking after inflation, large isocurvature perturbations can collapse already during the radiation-dominated era, producing additional small-scale structure from non-standard intial conditions instead of non-CDM dynamics. In these scenarios, the energy scale of inflation needs to be specified relative to the symmetry breaking scale. All other cosmological effects that we will discuss are determined fully by the mass of the ALP. We may therefore entertain the hope that the phenomenology of the entire relevant parameter space can ultimately be explored.
The focus of this article is therefore the gravitational, mostly nonlinear structure of ALP dark matter on small cosmological scales in the sense described above. It implies that large areas of active research on ALP dark matter won't be discussed or only mentioned in passing. Specifically, they include highenergy physics, cosmological effects and constraints derived primarily in the relativistic or linear regimes of structure formation, or those that involve non-gravitational couplings. Excellent recent reviews exist for practically all of these, e.g. [7, 8, 9, 10, 11, 12, 13, 14, 15] . Most notably, [13] provides a broad overview of axion cosmology and gives a detailed account of current constraints from linear large-scale structure. The reader can think of the present article as a spin-off of [13] that follows the story of one of its interesting side characters (mostly described in Section 6 of [13] ) to greater depths. We primarily aim to provide a current overview of this subject and entry points into the quickly growing literature. Preference is given to heuristic sketches over rigorous derivations.
We will begin by briefly reviewing the basic properties of ALPs and their evolution prior to structure formation in Section 2. Section 3 gives a short introduction to the nonlinear physics of bosonic dark matter including solitonic solutions of the Schrödinger-Poisson equation (a.k.a. Bose stars, axion stars etc.), their formation via Bose-Einstein condensation, and the relation to quantum turbulence of superfluids. It is followed by a more astrophysical discussion of ultralight axion (fuzzy) dark matter in the context of the Lyman-α forest, constraints arising from the low-mass cutoff of the halo mass function, the formation and structure of solitonic dark matter cores, and novel effects from gravitational heating and dynamical friction in Section 4, which concludes with a short summary of currently employed simulation techniques. For the higher mass scales relevant for QCD axions, Section 5 summarizes the formation of axion miniclusters and axion stars from large isocurvature perturbations in the early universe. Finally, Section 6 attempts to give an outlook of the exciting questions that may be addressed in the near future by expected improvements in theory, simulations, and observations.
Early evolution
We briefly describe the early-universe evolution of axion-like particle (ALP) dark matter to set the stage. This section covers only the very basics of the production of cold ALPs by vacuum misalignment, outlines the linear suppression of small-scale perturbations, and sketches the formation of axion miniclusters. The notation mostly follows [13] where more details can be found.
Axion-like particle dark matter
We will consider axion-like particles (ALPs) that are associated with the phase φ of a complex scalar field, ϕ = χ e iθa = χ e iφ/fa ,
with a global U (1) symmetry ( the Peccei-Quinn (PQ) symmetry in case of the QCD axion) broken at the energy scale f a , fixing the VEV of the radial field at
The massive field χ plays no dynamical role in the standard scenarios of structure formation and we will ignore it henceforth. θ a = φ/f a is called the misalignment angle; its initial value (or the distribution thereof in our Hubble patch) determines the dark matter abundance. For ALPs that are dark matter candidates, the symmetry breaking scale f a marks the cosmological "birth" of the axion field and determines its initial conditions. As the Goldstone boson of the U (1) symmetry, φ has the shift symmetry φ → φ + const, making it massless at this point in its evolution.
Dark matter ALPs are not exactly massless, so the shift symmetry must be broken at some scale Λ a . This usually occurs by non-perturbative effects in concrete models for string theory and QCD axions, where Λ a f a in the interesting cases for cosmology. The potential produced by the non-perturbative effects must respect the periodicity of φ and is usually written as
In the scenarios for structure formation considered here (with the exception of Section 5.1), the field displacement from the potential minimum is small,
at all times, and Eq. (2) can be approximated by
with m = Λ 2 a /f a (the more complicated case of QCD axions where m is temperature dependent will be discussed below).
The action describing ALPs after the onset of non-perturbative effects is that of a minimally coupled scalar field,
with
On an expanding background with scale factor a(t) and expansion rate H =ȧ/a, the homogeneous axion field φ behaves like a damped harmonic oscillator:
Early on, when m H, the field is overdamped and essentially frozen. It has the equation of state w −1 and thus makes a small contribution to vacuum energy.
Another important event in the early life of an ALP is when the field begins to oscillate around its minimum at a 1 where H(a 1 ) m .
Soon thereafter, H m and the fast oscillations ω m in the solution of Eq. (6) can be factored out and averaged over, leading to an energy density that dilutes as nonrelativistic matter:
From this point on, ALPs act like dark matter at the level of the background evolution.
Depending on whether or not the PQ symmetry remains broken after inflation ("broken" or "preinflationary" scenario) or is restored after reheating and broken at a later time ("unbroken" or "postinflationary" scenario), different predictions are made for the dark matter abundance, small-scale inhomogeneities, and inflationary isocurvature perturbations. In the former case, the misalignment angle θ a is stretched over many Hubble lengths during inflation and remains constant across our Hubble volume afterwards. On top of the usual adiabatic perturbations sourced by the inflaton field, the dark matter density picks up isocurvature fluctuations of order ∼ H I /2π that are small on subhorizon scales and can be neglected in the context of structure formation.
In the unbroken scenario, the correlation length of θ a is approximately fixed by the Hubble length at T 1 . Each patch of comoving size H −1 1 = H(T 1 ) −1 samples uncorrelated values of θ a and hence the axion density, giving rise to large small-scale isocurvature perturbations. They form the seeds for axion miniclusters that will be discussed in more detail in Section 5.
To summarize, the relevant events in the early evolution of dark matter ALPs are 1. Breaking of the PQ symmetry at T ∼ f a .
2. The onset of non-perturbative effects at T ∼ Λ a . In string theory models, this typically happens at energies Λ a T SUSY while Λ QCD ∼ 200 MeV for the QCD axion.
3. Beginning of oscillations at T 1 = T (a 1 ) after which the ALP behaves like dark matter. For m 10 −28 eV, this occurs safely before matter-radiation equality. The mass of the QCD axion is temperature dependent so that T 1 can be greater than Λ QCD (for instance, T 1 2 GeV for f a = 10 11 GeV [16] ).
Although ALPs in a wide range of masses are viable dark matter candidates (see, e.g., [15] for a recent overview), two clearly distinct regions of parameter space are particularly interesting from the point of view of gravitational structure formation, albeit for very different reasons. From here on, we will focus only on these subclasses.
Dark matter abundance

Ultra-light axions
ALPs with masses between ∼ 10 −22 − 10 −20 eV are interesting dark matter candidates because they predict new structural and dynamical phenomena on scales of dwarf galaxies, see Section 4. All of these are purely gravitational effects while self-interactions are negligible in practically all cases [14] , hence m is the only relevant parameter. Ultra-light axions (ULA) naturally occur as moduli fields in string theory [8] and fall into the more general category of fuzzy dark matter (FDM) [17] or wave dark matter (ψDM) [18] 
ALPs in the FDM mass window begin to oscillate long before matter-radiation equality. For an initial field displacement (the "frozen" value) φ i , the dark matter density today is [19] Ω a 1 6
with the present Hubble rate H 0 and the radiation energy density parameter Ω r , hence we need φ i > 10 14 GeV for dark matter to consist entirely of FDM.
Since φ i < f a and the energy scale of inflation is bounded by non-observation of tensor modes to be H I 10 14 GeV, only the broken scenario is relevant for FDM.
QCD axions
Axions that can solve the strong CP problem (QCD axions) obtain their mass from non-perturbative QCD effects at temperatures around Λ QCD . At high temperatures (T 1 GeV), the interacting instanton liquid model predicts a power-law dependence of the axion mass on T [10] ,
with n 7 and α a 1.68 × 10 −7 . Lattice QCD calculations confirm and refine this general behavior [20, 21] . The dark matter relic density is determined by m(T 1 ) and scales as a −3 at lower temperatures. For QCD axions with f a < 2 × 10 15 GeV, T 1 > 1 GeV and Eq. (10) can be used to compute the axion dark matter density today [22] :
where θ 2 a,i is the initial squared misalignment angle averaged over our Hubble volume and F is a monotonic O(1) function of θ a that accounts for anharmonic corrections of the cosine potential. This is understood to be only a rough estimate; more refined predictions are the subject of active investigations [23, 24, 25, 26] .
Both broken and unbroken scenarios are possible for the genesis of QCD axion dark matter 3 but only the unbroken scenario has consequences for small-scale structure formation that are qualitatively different from standard CDM. In this case, our present Hubble volume thus samples many uncorrelated patches of θ a in the range [−π, π], giving θ 2 a,i = π 2 /3. Please consult [13, 15, 29] for current observational constraints on both scenarios.
Early evolution of density perturbations
Ultra-light axions
After the onset of oscillations (a a 1 ) the axion density field in FDM scenarios (which are all in the pre-inflationary PQ symmetry breaking category, see above) is well described by a smooth background ρ a redshifting like nonrelativistic matter with small, adiabatic perturbations δ = δρ a / ρ a . Before the nonlinear collapse of overdensities, linear theory appropriately captures the dynamics of the perturbations. Field excursions are small, so the axions behave like a massive scalar field as described by Eq. (5) . The crucial difference between scalar fields and standard CDM is the non-vanishing effective sound speed of the former, giving rise to a Jeans-like dispersion relation of the perturbation modes.
Just as for the background, the fast oscillations of the scalar field can be separated out in a WKB approximation from the slow time variation of density perturbations which grow on scales of the Hubble time. This allows an effective fluid description of scalar fields with the effective sound speed [30] 
In the context of structure formation, we are interested in the behaviour of perturbations on subhorizon scales (k > aH) and above the Compton length of the axion field (k < 2ma). Here, Newtonian perturbation theory applies and the Fourier modes of the density contrast δ obey 4
with the effective sound speed
The "mass" term in Eq. (13) 
Above k J , solutions of Eq. (13) are oscillatory but do not grow, producing a cutoff in the linear transfer function for the power spectrum of fluctuations. Its value can be interpreted as the de Broglie wavenumber of the ground state wavemode in the gravitational potential of the perturbation [17] . The suppression of gravitational collapse, physically related to the gradient energy of the scalar field, is a purely linear concept. Indeed, the growth rate is enhanced at second order [31] . Heuristic reasoning based on experience from the baryonic Jeans length or warm dark matter can therefore only be applied with some caution.
The comoving Jeans wavenumber k J scales only very weakly with a, so it is nearly constant during the early phases of structure formation. The beginning of perturbation growth at matter-radiation equality hence sets the scale for the cutoff in the linear transfer function. At this time, the Jeans scale is k J,eq 9 m 10 −22 eV
4 For simplicity, we assume that axions constitute all of the dark matter in this section.
Hu et al. [17] provide a numerical fit for the transfer function T FDM . The matter power spectrum is then written as
The power spectrum is suppressed by a factor of two at [31] k 1/2 1.62 m 10 −23 eV
The cutoff in the linear transfer function Eq. (16) translates into a suppressed formation of dark matter halos below a mass that roughly corresponds to k 1/2 . Assigning a characteristic linear mass to each wavenumber by computing the mass inside a sphere with radius R lin = λ/2 = π/k leads to [32] 
Equations (17) and (18) give M lin 58 (2.7) × 10 9 M for m 10 −22 (10 −21 ) eV. These masses provide a first estimate for halo masses below which FDM predicts a substantial suppression of the halo mass function, with consequences for the low-mass end of the galaxy luminosity function at high redshifts and the epoch of reionization. Some of the resulting observational constraints will be discussed in Section 4.
QCD axions
Suppression of the linear growth of small-scale perturbations by wavelike effects is irrelevant for structure formation with QCD axions on astronomical scales (Eq. (15)). However, QCD axions with characteristic PQ scales f a ∼ 10 10 − 10 12 GeV can naturally be produced in the post-inflationary symmetry breaking scenario, with important consequences for the initial conditions of density perturbations in the early universe. PQ symmetry breaking at the temperature T ∼ f a H I produces horizon-sized patches (i.e. correlation length l c ∼ H(f a ) −1 ) of randomly sampled values of θ a . At lower temperatures T f a they can grow by relativistic free-streaming to H(T ) −1 as long as the axions are massless. This process ends roughly at T 1 when axions have acquired a mass and reached m H 1 . At this time, the coherence length of the misalignment angle has grown to l c ∼ H −1 1 and rapid field oscillations transform variations of θ a into axion density perturbations. As the total energy density of radiation and axion dark matter is constant, they are isocurvature perturbations.
Roughly speaking, the final state of this process is a fluctuating axion dark matter density field with local overdensities reaching ρ a (θ a = π) = 2 ρ a . Their mass scale is fixed by the mean density enclosed in a sphere of radius l c ,
and their characteristic radius today is
using the values from [25] 5 .
The key fact that makes these fluctuations potentially observable is that they can become nonlinear and collapse before matter-radiation equality ( ρ a (a eq ) = ρ r (a eq ) = ρ e ), forming highly overdense axion miniclusters with typical masses and radii set by Eqs. (19) and (20) [34] .
To estimate the overdensity at matter-radiation equality, let us denote the energy density perturbation by δ = ρ a / ρ r − 1 and the axion density perturbation by Φ = ρ a / ρ a − 1 ∼ const during the radiation-dominated epoch [35] . Since ρ a ∼ a −3 while the radiation-dominated background energy density redshifts as ρ r ∼ a −4 for a < a eq , the energy density perturbation grows as δ ∼ a. It becomes unity at a nl ∼ a 1 /δ 1 where δ 1 = Φa 1 /a eq . Approximately at this time, the perturbation decouples from the expanding background and forms an axion minicluster with approximately constant physical density
Including nonlinear effects of the scalar field dynamics, Φ can become larger than unity by many orders of magnitude [35] . Using a spherical collapse model, [36] showed that the final density of the virialized axion minicluster depends on the axion density contrast as
During the passage of a minicluster through the Earth, the signal in a terrestrial axion detection experiment would therefore be substantially amplified. Unfortunately, this comes at a price: such events are extremely rare, with a rate of ∼ 10 −5 yr −1 [37] . More details of these processes and results from recent simulations will be presented in Section 5.
Nonlinear dynamics of bosonic dark matter
Before we go into the details of structure formation with FDM in Section 4 and axion miniclusters in Section 5, this section will review some aspects of the nonlinear dynamics of scalar fields under gravitational interactions. The first goal is to estimate the length and time scales on which one should expect differences with the behaviour of standard collisionless cold dark matter (CDM). The language of wave turbulence can be used to describe the formation and growth of solitonic self-gravitating objects by Bose-Einstein condensation and to establish the correspondence to the kinetic description of CDM. All of this section (and, indeed, the entire article) assumes a purely classical framework in which any effects whose nature is genuinely quantum can be neglected. A short discussion of opposing views is given at the end of Section 3.3.
Equations of motion and relevant scales
Gravity can be treated in the weak-field limit in standard cosmological structure formation. We work in a spatially flat background metric with scalar perturbations in the Newtonian gauge, g 00 = −(1 + 2Ψ(x, t)) , g 0j = 0 , g ij = a(t)δ ij (1 + 2Φ(x, t)) .
We can identify the Newtonian potential as V N = Ψ = −Φ because the anisotropic stress of a minimally coupled scalar field vanishes. On subhorizon scales (k aH), the Einstein-Hilbert action reduces to
at first order in the potential and second order in its spatial derivatives, where averaged quantities correspond to the smooth background as above. The quadratic action for the scalar field from Eq. (5) is
with V from Eq. (3). Taking advantage of the fact that φ oscillates with frequency m but the density field varies only slowly in the nonrelativistic regime, the fast oscillations can be factored out by introducing the complex field ψ defined by
Neglecting oscillatory terms containing powers of exp(±imt) and making the simplifying assumptions thatψ mψ and m H, Eq. (25) becomes
which yields the Schrödinger-Poisson (SP) equations:
where we reinserted explicitly and identified the axion density and its smooth background value as ρ = mψψ * and ρ = m ψψ * , respectively. Rewriting the wavefunction as ψ = ρ m e imθ/ = √ n e imθ/ (29) and defining the velocity as the phase gradient, v = ∇θ, the first line of Eq. (28) takes a form analogous to the mass and momentum conservation equations of fluid dynamics (the Madelung transformation):
Note that the velocity is irrotational outside of vortex lines, i.e. it obeys ∇ × v = 0 in the absence of phase jumps. The only difference between Eq. (30) and the Euler equations of fluid dynamics is the last term, ∇Q, which encodes the contribution of scalar field gradients to the change of momentum:
It is often referred to as "quantum pressure" or "quantum potential" despite the fact that it is neither a pressure, a potential, nor of quantum origin in the present context. To get a first idea of the scales where scalar fields can be expected to differ from CDM, consider a spherical halo with mass M and radius R. Similar to the definition of the Reynolds number in the Navier-Stokes equations, we can compare the nonlinear velocity gradient term on the left-hand side to the new quantum pressure term for gradients ∼ 1/R (and a = 1):
with the characteristic coherence length of the scalar field λ dB = /mv. Comparing Q with V N gives the same result for virialized systems whose dynamical time equals their crossing time R/v. Equation (32) suggests that the structure of halos consisting of scalar field dark matter should be similar to CDM halos on length scales of order R as long as R λ dB with
if v is the virial velocity of the halo. Conversely, we expect new effects on scales of the halo radius for dwarf galaxies (with virial velocities of order 10 km/s) if m ∼ 10 −22 eV. What is the characteristic timescale after which significant deviations from the evolution of CDM halos under purely gravitational interactions become apparent? Again, several different arguments give approximately the same answer, so let us begin with the gravitational scattering time for wave scattering in a condensate. In the vacuum, the scattering rate Γ ∼ τ −1 scales with the scattering cross section σ g , the mean relative velocity v = √ 2v, and the number density n = ρ/m, Γ ∼ σ g v n. If the final state is macroscopically occupied, Bose-Einstein stimulation enhances the rate by the axion phase space density (or occupation number)
N is a very large number if axions make up a significant fraction of dark matter. Correspondingly, the scattering time can be sufficiently short to become cosmologically relevant. It is given by
The momentum-transfer cross section σ g for Rutherford scattering is σ g
Using the virial velocity v 2 = GM R −1 of a halo with uniform density ρ = nm ∼ M R −3 in Eq. (35), [38] point out that τ scales as
where t cr = R/v is the halo crossing time. As above, this suggests that axion dark matter halos behave similarly to CDM halos on dynamical timescales if λ dB R. On the other hand, we may expect interesting new effects over periods of order O(τ ). Such effects include gravitational heating and relaxation in FDM halos, to be discussed in Section 4.3, and the formation of solitonic objects by wave condensation that we will turn to next.
Soliton solutions
Newtonian scalar field solitons are stationary solutions of the SP equations that can be interpreted as gravitationally bound objects made of scalar particles. Depending on the context, they have been discussed in the cosmology literature as Bose stars [39, 40, 35, 41] , (dilute) axion stars [42, 43, 44] , axion drops [45] , or solitonic cores of FDM halos [18, 46] .
It has been known for a long time that gravitationally bound solutions for scalar fields, both relativistic and non-relativistic, exist [47, 48, 49] . Relativistic effects and self-interactions in the full axion potential add interesting effects but are most likely irrelevant for objects that form out of axion dark matter through gravitational collapse. The virial masses of collapsed objects are too small to produce significant relativistic effects or large field amplitudes.
Solitons are eigenstates of the time-independent SP equations Eq. (28) with energy per unit mass E,
Spherically symmetric solutions of Eq. (37) with boundary condition ψ(r → ∞) = 0 can be found numerically. The density profile ρ(r) is nearly Gaussian with a flat central core and a steep outer gradient; a fitting function will be given in Section 4.2.
Hui et al. [14] provide a table with numerically determined soliton parameters for the lowest energy eigenstates in appendix B. In approximate terms, the most relevant ones are:
1. The half-mass radius:
2. The central density:
is the mean density inside the half-mass radius.
The virial velocity
:
where
is the central gravitational potential.
4. The coherence length λ dB for the virial velocity:
confirming that λ ∼ R on the scale of solitons.
The SP equations and consequently the solutions of Eq. (37) obey a scaling symmetry of the form [50, 51] :
where λ is an arbitrary parameter. This allows re-scaling soliton solutions to the scales of interest, e.g. galactic cores in the case of FDM cosmologies (Section 4.2) or axion stars in QCD axion miniclusters (Section 5.3).
Kinetic description
Wave turbulence and Bose-Einstein condensation
It was recognized early on that bosonic dark matter, modeled by a self-gravitating scalar field, is subject to gravitational Bose-Einstein condensation [52, 53] . Many classical, weakly nonlinear systems with wavelike degrees of freedom have successfully been investigated in the general framework of wave turbulence [54, 55] . It provides a kinetic description of classical waves that formally coincides with the kinetic theory of particles in different regions of parameter space. Bose-Einstein condensation of weakly nonlinear waves is a well-known phenomenon with examples, for instance, in plasma physics and nonlinear optics [56, 57, 58, 59] . In most of the well-studied cases, the nonlinearity is local in contrast with the highly non-local character of Newtonian gravity. Nonlocal interactions in space or time have been investigated, for instance, in nonlinear optics where they were shown to give rise to a phenomenon called "incoherent solitons" [60] -solutions of the nonlinear Schrödinger equation with a highly non-local nonlinearity that can be interpreted as lower dimensional analogues of bosonic dark matter halos.
Levkov et al. [38] have recently studied Bose-Einstein condensation of axion dark matter in the kinetic regime (corresponding to λ dB R) numerically and argued that it is well described by a kinetic equation sourced by the (gravitational) Landau scattering integral. Its most important consequence for cosmology is the spontaneous formation and subsequent mass growth of Bose stars through an inverse mass cascade.
The key elements of the kinetic formalism are sketched below, closely following [38] which the reader should consult for details. For a kinetic theory of scalar waves, we seek a closed system of differential equations governing the dynamical evolution of the Wigner distribution function:
f W can be interpreted as the occupation number of wave modes in the phase-space volume d 3 xd 3 p = h 3 , and the average is taken over a random ensemble of phases. Taking the time derivative of Eq. (45), inserting Eq. (28), and integrating by parts leads to
The gravitational potential V N is produced by a non-local interaction of two ψ-fields in Eq. (28), so the integral on the right-hand side contains a correlator of four fields. [38] argue that contributions from products of two-point functions are time-reversal symmetric and vanish if f W is statistically homogeneous, hence they cannot be responsible for relaxation or condensation. The remaining connected part of the 4-point function in the integral produces the Landau scattering integral, St f W ∼ O(G 2 ), which is responsible for the relaxation of f W by gravitational scattering.
In the presence of spatial inhomogeneities of order R, Taylor-expanding x in ∆x/R 1 and p in ∆p λ dB 1 yields a combined expansion of Eq. (46) in the small parameter = λ dB /R:
is the one-particle Hamiltonian with the averaged gravitational potential V N , and the scattering integral is St f W ∼ O( 3 ). Importantly, the terms of order O( 2 ) in Eq. (47) are again time-reversal symmetric, confirming that the relaxation of f W is governed by St f W . To first order in , Eq. (47) is identical to the Vlasov-Poisson (VP) equations which describe CDM in the limit of vanishing non-gravitational interactions. Corrections to the temporal evolution of the distribution function are suppressed by the small parameter λ dB /R at third order. This suggests that the scattering integral is controlled by the gravitational scattering timescale Eq. (35),
as can indeed be shown by explicit calculation [38] .
Formation and growth of solitons
With the help of numerical simulations of the SP equations, [38] demonstrated that initially homogeneous ensembles of waves with Gaussian-distributed momenta relax toward thermal equilibrium at low wavenumbers. After a time t ∼ τ , localized solitonic states ("Bose stars") form by Bose-Einstein condensation. After formation, their masses M * grow as
indicating that both formation and growth of solitons are governed by τ in the kinetic regime. The existence of axion stars is therefore a firm prediction in ALP dark matter cosmologies provided that τ H −1 . However, even if t τ H −1 it is plausible that axion stars are produced in the center of axion miniclusters during the first few dynamical times of the cluster. In the violent relaxation phase, before virialization is completed, the gravitational potential fluctuates strongly on scales of the axion star radius, violating the conditions for the kinetic regime [48, 51, 61] . Numerical simulations suggest that axion star formation is strongly enhanced during this phase but more work is needed for robust predictions.
Simulations confirm that solitons form in the centers of collapsed FDM halos [18, 62] and axion miniclusters [63] from cosmological initial conditions. In these cases, there is a relation between the mass of the soliton M s and the mass of its host halo, M h [46] :
Here, M 0 ∼ 4.4 × 10 7 m −3/2 22 M for characteristic FDM masses and
is the halo overdensity at virialization. The core-halo mass relation follows from comparing the virial velocity of the soliton v vir,s to the halo virial velocity v vir,h defined by M h and its virial radius R h , i.e. the radius that encloses a mean overdensity of ζ(z):
and
Demanding v vir,s = v vir,h gives Eq. (51) . Assuming that Eq. (50) with τ from Eq. (35) is a robust parameterization of soliton mass growth (although it has no theoretical support so far), there is a natural way to explain Eq. (51) in terms of a saturation of mass growth [63] (see [64] for an alternative thermodynamic argument). Immediately after formation, the ambient boson field surrounding the star has velocities governed by the virial temperature of the halo, i.e. v v vir,h in Eq. (35) . After it has grown sufficiently, the soliton produces a hotter atmosphere with the star's own virial temperature v vir,s , at which point τ itself becomes dependent on M s . This causes the mass growth to saturate and slow down substantially.
The saturation takes place when v vir,h v vir,s , i.e. when M s M sat is given by Eq. (51) . However, in this picture ongoing condensation gives rise to continuing mass growth at a substantially reduced rate. Inserting v vir,c (M ) into Eq. (35) and assuming that the power law growth continues to hold, the soliton mass will eventually follow
where τ sat follows from evaluating Eq. (35) with v = v vir,s (M sat ). Simulations will have to verify if the long-term mass growth asymptotically approaches Eq. (54).
The Vlasov-Schrödinger correspondence
In a small detour from the topic of axion dark matter, let us mention that the SP equations have been proposed as an alternative, continuum method to model collisionless CDM in cosmological simulations [65, 66] . This is motivated by the fact that ensembles of random waves governed by the SP equation are statistically equivalent to collisionless self-gravitating particles described by the VP equations on scales l λ dB as shown by Eq. (47). In practice, the Wigner distribution f W (Eq. (45)) is not a convenient alternative description for the evolution of ψ because it oscillates violently on scales of and can become negative. One can instead use a coarse-grained version of ψ, the so-called Husimi representation,
and define the Husimi distribution function as
f H is a coarse-grained Wigner function that is positive-semidefinite. Moreover, its evolution equation agrees with the equally coarse-grained Vlasov equation to first order in σ 2 x . The Vlasov-Schrödinger correspondence for using the SP equations to explore the nonlinear behaviour of standard CDM is therefore usually formulated in terms of f H instead of f W [65, 66, 67] .
The computational difficulties with solving the SP equations numerically have so far prevented a systematic exploitation of the Vlasov-Schrödinger correspondence for understanding CDM dynamics.
These challenges will be explained further in Section 4.4 below. On the other hand, the Vlasov-Schrödinger correspondence can also be invoked to use computationally less expensive N-body simulations to model FDM on length scales that are much greater than λ dB and/or timescales much less than τ . Using the argument in the opposite direction is currently more relevant for practical purposes.
Relation to quantum turbulence in superfluids
A related but different connection to condensed matter systems can be made by comparing the SP equations to the Gross-Pitaevskii (GP) equation:
The GP equation provides a semiclassical description of Bose-Einstein condensates and superfluids and takes the form of a nonlinear Schrödinger equation. In this context, the parameter g ∼ a s /m where a s is the particle scattering length. The GP equation is frequently used to model "quantum turbulence" in superfluids, characterized by quantized vorticity in the form of a complex tangle of discrete vortex lines. Such vortex lines have also been observed in numerical simulations of the SP equations and interpreted in terms of quantum turbulence [68] . In particular, the 1D velocity power spectrum was found to scale as ∼ k −1.1 and compared to thermally-driven counterflow BEC turbulence.
Quantum turbulence in superfluids differs from the dynamics of ALP dark matter in two important ways. First, unlike the local cubic nonlinearity in Eq. (57), the dominant nonlinearity in the SP equations is strongly nonlocal. As discussed above, for λ dB R the system is well-described by a very weakly-coupled ensemble of waves propagating in the averaged gravitational potential. In the limit of free, linear, Schrödinger waves, a k −1 velocity power spectrum naturally follows from the sum of power spectra of individual vortex lines [69] . In this sense, describing the local dynamics of vortices in axion dark matter halos as "quantum turbulence" may be misleading as it implies a fundamentally nonlinear origin.
The second difference follows from expanding the effective axion potential Eq. (2) to second order in φ/f a , giving
instead of Eq. (3). Accounting for the self-interaction term, the SP equations on a static background become (with = 1) [45] :
with g = −λ/8m 2 . Comparing Eq. (59) with Eq. (57), we see that the leading order local nonlinearity is attractive (g < 0) instead of repulsive as in the case of superfluids. Whereas the repulsive interaction stabilizes superfluid vortices on scales of the healing length ξ ∼ (g|ψψ * |) −1/2 , vortex lines in BECs with attractive interactions are thermodynamically unstable and dynamically decay [70] . In the context of axions, the classical description given by Eq. (59) has no physical regularization, hence every numerical realization containing vortices is to some extent cutoff dependent. While this may not preclude a meaningful investigation of vorticity in axion dark matter simulations (after all, similar statements can be made about vorticity in simulations of the Euler equation), it certainly should be kept in mind.
Beyond classicality?
The fact that Bose stimulation enhances the condensation rate by multiplying it with the phase space density f , making Bose-Einstein condensation of axion dark matter potentially significant on cosmological timescales (τ H −1 ), has been interpreted by Sikivie and collaborators (e.g. [71, 72] ) as a breakdown of classical theory. They instead propose that the quantum description of axions in their condensed ground state gives rise to new phenomena such as caustic structures in galaxies.
In a different approach, work by Lentz et al. [73, 74, 75] points out possible deviations from mean field theory caused by exchange symmetry and long-range correlations in systems of bosons that interact only by non-local forces such as Newtonian gravity. They argue that including exchange-correlation effects in the dynamics of gravitationally collapsing objects predicts noticeable differences in halos and their substructure for allowed regions of parameter space.
We stress again that Bose-Einstein condensation as sketched in previous sections is based entirely on classical wave dynamics [52, 53, 38] . For other references that support the validity of a classical description of bosonic dark matter, see [76, 77, 78, 79, 80 ].
Fuzzy dark matter halos
Since the early proposals [81, 82, 83, 84, 17, 85] , an extensive amount of work has been done on the physics of scalar field (SFDM) or Bose-Einstein condensate dark matter (BECDM) (see [86] for a review). In both cases, the underlying dynamics is assumed to be governed by the SP equations (Eq. (28)) and motivated by an unspecified microscopic theory. This approach is more general than the ALP dark matter models considered here. While the latter is essentially limited to gravitational interactions on cosmologically relevant scales due to the effective potential Eq. (2), the former creates a richer phenomenology by introducing local self-interactions whose sign and amplitude are free parameters. Consequently, SFDM/BECDM models allow ground state solutions that differ from those discussed in Section 3.2 and have been used to model galactic halos, predicting distinct signatures on galactic scales [87, 88, 89, 90, 91] .
The class of ALPs with periodic potentials considered here, in contrast, have self-interactions that are generally neglible compared to gravity for the purposes of cosmological structure formation [14] . Characterized only by their mass, these fields have solitonic ground state solutions with a unique densityradius relation that fails to fit the full range of observed galactic halo properties. The simulations by Schive et al. [18, 46] triggered a systematic investigation of models consisting of a central soliton embedded in an incoherent, NFW-like halo. Although the averaged properties of the outer halo and of tracer objects moving within it are very similar to CDM models, the relatively enhanced gravitational fluctuations give rise to new phenomena worth exploring.
A number of different statistical predictions and dynamical phenomena have been suggested to constrain the particle mass and the fraction of FDM relative to the total dark matter mass, where the rest is assumed to behave like CDM. They can roughly be grouped into those caused by the small-scale cutoff of the linear transfer function (Section 2.3), those related to the presence of a central soliton (Section 3.2), and those that arise from enhanced gravitational heating and relaxation (Section 4.3). Each of these will be introduced in turn, together with a selection of current constraints. The section ends with a brief summary of numerical techniques for FDM simulations that are currently being employed (Section 4.4).
Linear suppression of small-scale structure
Observations that constrain predictions derived primarily from the Jeans scale cutoff in the linear transfer function for FDM (cf. Eq. (16)) include the Lyman-α forest, the high-redshift galaxy luminosity function, and the optical depth to reionization. The methods are closely analogous to those applied to constrain warm dark matter (WDM) models whose transfer functions show a similar, though shallower, cutoff at small scales.
To estimate the corresponding particle masses m and m wdm , it is worth noting that the WDM cutoff is located at scales that enter the horizon when T ∼ m wdm , whereas it occurs for modes entering the horizon at the onset of oscillations for FDM, i.e. for H(T 1 ) ∼ m [13] . Since T ∼ (Hm pl ) 1/2 during radiation domination, the matching scales roughly as m wdm ∼ m 1/2 .
Comparing the half-mode for WDM [92] ,
to Eq. (17) yields [93] m wdm 0.79
in rough agreement with the estimated scaling. WDM constraints demanding that, for instance, m wdm 2.5 keV thus translate into m 10 −21 eV for FDM.
Lyman-α forest
The Lyman-α forest is a dense structure of absorption lines of neutral hydrogen (HI) at different redshifts along the lines of sight to distant quasars. It probes the distribution of spatial fluctuations of the HI optical depth in the intergalactic medium (IGM) and thereby, under reasonable assumptions, of the matter density itself. It is among the most powerful probes of the small-scale matter power spectrum, reaching wavenumbers up to k ∼ 10 Mpc −1 (the physical resolution limit for the Lyman-α forest is the filtering scale k ∼ 30 Mpc −1 caused by baryonic pressure). Since perturbations on these scales are already weakly nonlinear, large simulations are needed to make robust quantitative predictions. The primary observable of the Lyman-α forest is the one-dimensional flux power spectrum P f 1D defined by
P f is the three-dimensional power spectrum of the Lyman-α flux f ∝ exp(−τ ). Assuming approximate photoionisation equilibrium, the optical depth τ depends on the baryon density fluctuations δ b , IGM temperature T , and photoionisation rate Γ as [94, 92, 14] τ
where A absorbs all quantities that depend only on the background cosmology. The temperature follows a power-law dependence on baryon density with
The key assumptions are therefore that i) Γ, T 0 , and γ have no spatial fluctuations, and ii) the neutral hydrogen density is fully determined by the local matter density via gravity. The former may potentially be violated at high redshifts where fluctuations of the ionizing background become more pronounced whereas the latter can be affected by galactic outflows at small scales and lower redshifts (see [14] for further discussion). Measurements of P F (k) with data from the XQ-100 Legacy Survey [95] were used to constrain the FDM mass m for the case where FDM makes up all of dark matter in [96] , yielding a lower limit of m 2 × 10 −21 eV. Stronger constraints are obtained assuming a smooth temperature history of the IGM. In [97] , the same data and simulations were re-analyzed for varying fractions of FDM and CDM, concluding that m 10 −21 eV for an FDM fraction of more than 30 %. [93] found consistent results using Lyman-α forest data from the SDSS BOSS survey. Adding higher-resolution data from XQ-100 and HIRES/MIKE increases the excluded mass range to m ≥ 2.9 × 10 −21 eV.
Both groups [95, 93] used hydrodynamical simulations combined with N-body dark matter solvers that included no modifications to account for the quantum pressure term Eq. (31). This choice is supported by [31] who show that the difference in P F between pure N-body simulations and solving the SP equations is 10 % for m 2 × 10 −23 eV. The initial conditions for the simulations were produced with the FDM linear transfer function Eq. (16) . Comparisons with initial conditions computed with AxionCamb [98] gave no significant differences for the flux power spectrum [96, 93] .
An analysis of the BOSS data reported in [99] yields consistent conclusions for standard FDM while finding that lower masses are allowed for certain "extreme-axion" models (models in which the axion angle starts near the potential maximum, giving rise to delayed oscillations [100, 101] ), potentially reducing the tension with hints for solitonic cores in dwarf galaxies (see below). Furthermore, [102] argue that taking into account even very small attractive self-interactions may significantly affect the predictions for the Lyman-α forest.
Milky Way satellites
The high-wavenumber cutoff in the linear transfer for FDM gives rise to a corresponding suppression of the formation of low-mass halos. Consequently, the observed population of satellite galaxies of the Milky Way can be used to compute a lower bound on the cutoff wavenumber in scenarios with suppressed small-scale structure. Mapping the minimum mass of detected halos to a characteristic wavenumber in a manner analogous to Eq. (18), [103] constrain the WDM mass to m wdm > 3.26 keV. Using Eq. (61), they find m > 2.9 × 10 −21 eV.
Abundance matching, luminosity function, and reionization
The number density of collapsed dark matter halos per unit mass is given by the halo mass function n(M ). Again in close analogy to WDM, any probe of the low-mass tail of the HMF can be used to constrain m. The most sensitive ones are derived from the high-z UV luminosity function of galaxies and the epoch of reionization, as current models predict that the dominant source for reionizing photons are galaxies with masses M ∼ 10 8 − 10 10 M at z ∼ 6.
Simulations generally provide the most direct access to computing the halo mass function for a given cosmological model. However, direct simulations of the full SP equations in statistically meaningful volumes are infeasible at present (see Section 4.4 for a discussion of current approaches). Ignoring dynamical effects of the scalar field gradient term Q but taking the FDM transfer function Eq. (16) into account in the initial conditions, [104] used standard N-body simulations to measure the halo mass function. A numerical fit to their results gives
Equation (65) does not account for the effective sound speed for scalar fields, represented in linear approximation by the third term in Eq. (13), on the growth of fluctuations after the initial time of the simulation. This can be achieved in a modified version of the extended Press-Schechter (EPS) model by including the scale-dependence of the linear growth factor [105] . The EPS model assumes that n(M ) follows from solving an excursion-set problem for the amplitude of the linear dark matter power spectrum, smoothed on scales containing the mass M and linearly propagated to redshift z. The result is
where S(M ) is the variance of the overdensity field smoothed on the mass-scale M . The first-crossing probability f (S) is defined by the integral equation
where δ c is the (potentially mass dependent) critical collapse overdensity. f (S) can be calculated analytically for spherical collapse and CDM where the critical overdensity δ c is scale-independent, yielding
In the more realistic Sheth-Tormen model for (CDM) ellipsoidal collapse [106] , the critical overdensity is mass-dependent and the first-crossing probability has the approximate form
with ν = δ 2 c (z)/S, A = 0.3222, p = 0.3, and q = 0.707. Owing to the sound-speed term in Eq. (13), δ fdm c is explicitly k-dependent for FDM:
where G(k) is the ratio of the linear growth factors for CDM and FDM [105] . A numerical fitting function for G(k) is given in [107] . The scale-dependent critical overdensity has been included in the halo mass function by substituting Eq. (70) in the Sheth-Tormen model [106] for f (S) [105, 108] and, more self-consistently, by numerically solving Eq. (67) [109] . As another alternative, [110] uses the Sheth-Tormen model Eq. (69) with a sharp-k filter that encodes the high-k cutoff for calculating S(M ). The different models for the halo mass function of FDM halos are compared in Fig. 1 . The mapping between halo mass function and luminosity function is most commonly done by abundance matching [112, 113, 114] , assuming a one-to-one, monotonic map between dark matter halo masses and galaxy luminosity. The observed luminosity function (number of galaxies φ per interval of luminosity L or absolute magnitude M ) is first fitted with a Schechter function,
where L * and α are free parameters characterizing the characteristic cutoff luminosity and the faint-end slope, respectively, and φ * is the overall normalization. For each halo mass function model n(M, z), L is mapped to M by matching the cumulative luminosity and halo mass functions at fixed redshift z:
One can then compare the predicted luminosity function computed from the model halo mass function with the observations. If the halo mass function has a low-mass cutoff, as in the case of FDM or WDM, the predicted luminosity function ends at a higher luminosity (smaller magnitude) than the standard CDM prediction, which may lead to inconsistency with observations. See [115] for an application of the cumulative number density of halos with M > 10 6 M at z = 6 for di↵erent FDM masses computed from the HMF we obtained numerically (soild curve) compared to the 1 , 2 and 3 regions of the observed cumulative number density from [3] . We also show the cumulative number density computed from the fitting HMF by [32] 
Validating Merger Trees
To check the consistency of the merger tree algorithm, we run merger trees with 1000 trees per decade in mass for haloes with masses in the range [4 ⇥ 10 8 , 4 ⇥ 10 13 ] M at z = 0. The mass resolution is set to 2 ⇥ 10 8 M .
We compare the HMF obtained by counting the haloes in our merger trees with the one derived from solving the excursion set problems at di↵erent redshifts. The abundance matching to distinguish FDM from CDM with future observations of local group dwarf galaxies. Additional constraints can be obtained by computing the predicted flux of ionizing photons from the UV luminosity function φ UV ,
using a luminosity-dependent conversion rate γ and the escape fraction f esc . From F ion one can in turn predict the optical depth to the CMB τ and compare it to the observed value.
Bozek et al. [108] used the Hubble Ultra Deep Field (HUDF) UV luminosity function and τ from the CMB polarisation together with FDM halo mass functions from a modified Press-Schechter model to exclude FDM with m 10 −22 eV as the dominant contribution to dark matter. Similar constraints were found by [104, 116] who calculated the FDM halo mass functions with N-body simulations. Instead of a deep galaxy survey like HUDF, they used gravitationally lensed ultra-faint galaxies from the Hubble Frontier Field (HFF) program as measurements of the faint end of the UV luminosity function. [117] get a stronger constraint, m ≥ 8 × 10 −22 eV, also using the HFF but employing a different method to compare luminosity functions designed to be less sensitive to baryonic physics (see, however, [118] who interpreted the HFF data as indicating a preference for FDM with m 10 −22 eV). Luminosity functions from full hydrodynamical simulations of galaxy formation with FDM intitial conditions (but standard N-body dynamics) that do not rely on abundance matching give current limits of m ≥ 5 × 10 −22 eV [119] .
The 21 cm HI absorption signal reported by the EDGES experiment was used to constrain the FDM mass to m ≥ 5 × 10 −21 eV [120] and m ≥ 8 × 10 −21 eV [121] (see also [122] for a recent analysis). These are the strongest bounds to date that follow from the low-mass cutoff of the halo mass function. However, the validity of the EDGES result and its interpretation have been questioned [123] .
Solitonic cores and outer halo structure
Results from pure dark matter simulations
The first simulations from cosmological initial conditions that found solitons forming in the center of FDM halos were presented in the pioneering work by Schive et al. [18, 46] . One of their main results was that central solitons (cf. Section 3.2) form embedded in halos of incoherent, fluctuating FDM which roughly follows a standard Navarro-Frenk-White (NFW) profile. Schive et al. gave a numerical fit to the solitonic density profiles,
where r c 0.7R 1/2 (cf. Eq. (38)) is the radius at which the density drops to one-half of its peak value and the central density in their simulations is 
This picture is consistent with the Vlasov-Schrödinger correspondence discussed in Section 3.3: if coarse-grained on scales greater than r c ∼ λ dB , the dark matter distribution should be indistinguishable from standard CDM which is well fit by an NFW profile.
The NFW-like profile of incoherent material outside the soliton has been confirmed by different groups simulating the (less realistic but much simpler) setup of merging many solitons nearly simultaneously [46, 124, 68, 125] . Whether or not a soliton forms in the first place under realistic conditions cannot, however, be addressed by these simulations; simulations show that one soliton always survives the coalescence of two solitons [124] . Moreover, it is so far unclear to what extent the transition density between core soliton and incoherent halo depends on the initial conditions. Simulations of idealized, isolated FDM halos as described in [126] may help to better understand the dynamics of soliton formation and halo structure. Simulations with a hybrid N-body/SP-solver scheme were used to follow the evolution of individual halos from cosmological initial conditions [62] , see Fig. 2 . They confirmed the core-halo structure and mass relation (Eq. (51)) and showed that the newly-formed central soliton is far from a relaxed, stationary state. Instead, it oscillates violently with O(1) density fluctuations in a broad band of frequencies around the quasi-normal frequency of the soliton [127, 128] :
The time dependence of the maximum density with high temporal resolution and its Fourier transform are shown on the left side of Fig. 3 . Oscillations of solitonic cores after core mergers are also reported in [129, 130] . The momentum distribution obtained from the (normalized) Wigner distribution function,
provides further evidence for the Vlasov-Schrödinger correspondence on large scales [62] , as demonstrated by the comparison with the velocity distribution of N-body particles in the same gravitational potential in Fig. 3 . Both distributions are well described by a Maxwell distribution,
also included in Fig. 3 .
Including central SMBHs, stars, and baryons
Supermassive black holes (SMBHs) residing in the center of galaxies change the structure of central FDM solitons [131, 132, 133] and are themselves different from vacuum black holes if they are "dressed" by scalar hair [134, 135] 6 . Observations of the SMBHs in the Milky Way and M87, using stellar dynamics and the Event Horizon Telescope, already allow to exclude regions of parameter space around m ∼ 10 −21 eV [132, 133, 134, 136] . Adding stars to the central region of simulated FDM halos, [137] found that the deepening of the gravitational potential causes the soliton to gain mass and the surrounding dark matter to heat up. The stellar velocity dispersion increases rapidly towards the center of the halo. This result is consistent with recent simulations including baryons that have a similar effect on the central soliton, see below. The impact of a nonspherical background contribution of baryons on the structure of the soliton was explored in [138] .
The first results from hydrodynamical simulations including nonadiabatic baryon physics, sub-grid models for star formation, feedback, and reionization were published when this article was close to completion [139, 140] . Comparing the cosmological structures that host the formation of the first galaxies in CDM, WDM, and FDM scenarios, they identify distinctive FDM features such as coherent interference patterns along filaments which collapse into spherical solitons. These may help observations of the morphology of high-z structures to identify the nature of dark matter.
One of the key questions is how the strucure of the solitonic FDM core changes in the combined gravitational field of baryons and dark matter. A recent hydrodynamical simulation achieved sufficient spatial resolution to follow the formation of central solitons [141] . It uses the hybrid method for solving the SP equations described in [62] implemented into the public Enzo code together with Enzo's routines for solving the equations of gas dynamics, star formation, and effective feedback models with delayed cooling. Zoom-in simulations of a 10 10 M halo were performed for standard CDM (N-body) and FDM (SP equations) both with and without baryons. Only the early starburst phase up to z 4 was followed owing to computational constraints.
The resulting radial density profiles for dark matter and baryons are shown in Fig. 4 . Most remarkably, the presence of baryons (whose density doesn't differ significantly between CDM and FDM runs) has a strong effect on the central soliton. Compared to the pure dark matter simulation, the central FDM core density is higher by almost an order of magnitude. The FDM density profile (blue line) is more compact than a pure FDM soliton with identical central density (black dashed line). Solving the time-independent SP equations Eq. (37) including a fixed baryon density, obtained by fitting the simulation data (grey line), yields a good fit to the central part of the FDM density. This suggests that the effect is a result of the deepening of the gravitational potential by baryons.
The deepened gravitational potential also increases the local dark matter velocity dispersion as already observed in [137] . According to the saturation argument given in Section 3.3, the soliton mass therefore continues to grow by condensation until its own virial velocity (Eq. (41)) equals the increased ambient FDM velocity dispersion. This is indeed the case, as can be seen in the right plot of Fig. 4 : the soliton virial velocity closely tracks the central velocity dispersion both with and without baryons, lending further support for the saturation hypothesis proposed in [63] .
Halo substructure
Although not yet confirmed by direct simulations, hierarchical structure formation by mergers of lowmass halos into bigger ones predicts the existence of subhalos with similar core-halo configurations. Like in the standard scenario, they are subject to tidal stripping and dynamical friction in the gravitational potential of their host halo. Figure 4 : Left: Radial density profiles of zoom-in simulations comparing CDM and FDM halos with and without baryons and star formation. The soliton becomes more dense and massive due to the deepening of the gravitational potential by baryons (blue line). Its profile is well-fit by the ground state solution of the SP equations with a fixed baryon density background (red dashed line) and its mass agrees with the prediction from the saturation hypothesis (i.e., its virial velocity tracks the ambient velocity dispersion). The black dashed lines illustrate the solitonic solutions without baryons. Right: soliton virial velocity (dotted lines) compared to dark matter velocity dispersion near the core (solid lines) and further outside (dashed lines), for FDM and CDM runs (see [141] ).
Hui et al. [14] pointed out that a process akin to quantum-mechanical tunneling can strip away material outside of the tidal radius in FDM halos and computed the mass-loss rate in a stationary approximation. This result was generalized to the fully time-dependent case [142] , where mass loss by tunneling makes the core relax to a larger radius (since R ∼ M −1 , Eq. (38)), transferring mass outside the tidal radius which is subsequently lost by classical tidal stripping. Numerical simulations were carried out to quantify the mass-loss rate, confirming that the survival time of solitons under tidal stripping depends only on the ratio of the maximum soliton density and the mean density of the host within the orbital radius. The survival of satellite galaxies in the Milky Way can then be used as evidence that m 10 −21 eV. Furthermore, the simulations showed that solitons become tidally locked in the host tidal field and relax to a Riemann-S ellipsoid instead of spherically symmetric ground state solutions. Similar results were found in [143] .
Stochastic merger trees have been constructed using the EPS model with FDM transfer function and scale-dependent growth (Section 4.1) [109] . Included in semi-analytic models accounting for dynamical friction and tidal stripping as described above, they can be used to model the subhalo mass function [142] and extended with baryonic processes to make more detailed predictions for the high-z LF. Mergertree models in conjunction with the relation between initial and final soliton masses in binary mergers [124] ,
also suggest that hierarchical binary mergers of solitons give rise to a power-law dependence of the core mass on its host halo mass with exponents close to 1/3 [144] , i.e. similar to those found in [46, 62] (cf. Eq. (51)).
It was pointed out in [145] that FDM masses needed to fit the profiles of the Milky Way's ultra-faint dwarf satellites are inconsistent with those required for fitting Sculptor and Fornax which, in turn, would predict halo masses that are in conflict with dynamical friction. Furthermore, the subhalo mass function of the Milky Way would be in disagreement with the predicted one.
Solitons: hints and open questions
Since the introduction of the term "fuzzy dark matter" by Hu et al. [17] , one of the key arguments in favor of FDM has been the preference of shallower density profiles near the center of halos ("cores") than the r −1 -behavior predicted by NFW profiles from pure N-body simulations. The strongest evidence comes from observations of stellar rotation curves across a wide range of galaxy masses, including dark matter dominated dwarf galaxies. While results from hydrodynamical simulations have meanwhile established a broad consensus that baryonic physics can account for much, if not all, of the observed discrepancies from NFW on small scales, it is still worthwhile to explore the effects of dark matter physics beyond CDM (see, e.g., [32] for a review).
The simulations by Schive et al. [18] have laid the foundation for the standard parameterization of FDM density profiles now commonly used for the interpretation of observed stellar dynamics. As described above, it contains a central solitonic core with density profile Eq. (74) and central density Eq. (75) . The core mass is determined by the mass of the host halo and the boson mass via Eq. (51). It is embedded in a halo of incoherent virialized dark matter following an NFW-like density profile on average. A remaining free parameter, corresponding to the NFW scale radius or concentration parameter, fixes the transition density between the core and outer halo. Variations of this model can be found in, e.g., [146, 147, 148, 149, 150, 125] .
Several independent studies find hints for the presence of a central soliton in the stellar rotation curves of dwarf galaxies [18, 146, 151, 152, 147, 153, 154] . Including the effects of a possible nonsphericity of the core provides less stringent results [150] . Broadly speaking, the data from dwarf spheroidals favours FDM masses around m 10 −22 eV, in tension with the constraints from large-scale structure (Section 4.1) and gravitational heating [155] . A case for a solitonic core in the Milky Way was made in [156] and the signatures of multiple ultralight dark matter axions were claimed in [157, 158] . On the other hand, [159, 160, 149, 161] argue that the inverse relationship between core mass and radius leads to predictions for stellar dynamics that compare unfavorably with observations across a wide range of galaxy masses.
In any case, despite the simplicity of the core-halo model for FDM, important theoretical questions remain, primarily concerning the formation probability and stationarity of the soliton. For example, if the probability for forming a solitonic core is indeed governed by the condensation time Eq. (35) it may be oversimplified to assume that every halo contains precisely one soliton at any given time, rather than none or several. If τ becomes comparable to the age of the halo, it is plausible that a fraction of halos has not yet formed a soliton by condensation, nor inherited any in previous mergers. On the contrary, some halos can potentially host several solitons that have not yet merged, especially given the suppression of dynamical friction by gravitational fluctuations in FDM discussed below. Finally, the strong quasi-oscillatory density fluctuations of the core observed in simulations [62, 63] may lead to resonances with signatures in stellar kinematics and thus need to be accounted for in the core-halo model. Many of these questions can be addressed by improved simulations in the near future.
Other probes of the halo density structure
Pressure fluctuations of FDM fields source "fast" metric fluctuations with Compton scale (m −1 ) frequencies that are in principle detectable by pulsar timing experiments [162, 163, 164] or binary pulsars [165, 166] . Recent limits from the Parkes [167] and NANOGrav [168] pulsar timing arrays exclude signification fractions of FDM in the mass range of m ∼ 10 −23 eV.
The gravitational lensing properties of FDM halos were studied in [169] , finding that solitons themselves produce a weaker lensing signal than other cored profiles and that the presence of the NFW-like halo is necessary to be consistent with observations. Gravitational microlensing of stars crossing lensing caustics of galaxy clusters has been identified as a future opportunity to detect dark matter substructure [170, 171, 172, 173] . The extent to which lensing will be able to probe both the (suppressed) bound and (enhanced and fluctuating) unbound substructure of bosonic dark matter is an important open question.
For a recent exclusion plot of FDM masses, see [174] .
Relaxation and gravitational heating
While the predicted existence of central solitons has been widely used in the search for FDM clues, the region of incoherent, strongly fluctuating matter has only recently started to gain attention, showing that its potential for finding signatures or constraints may be just as powerful. As discussed in Section 3.3, fluctuations of the gravitational potential sourced by O(1) density fluctuations on scales of the FDM coherence length λ dB lead to enhanced relaxation with respect to collisionless particles. In addition to relaxation of the dark matter itself toward thermal equilibrium, this also affects the orbits of other tracers of the gravitational potential such as stars or black holes. The corresponding relaxation time turns out to be practically identical.
We start with the heuristic argument following [14] that the timescale for gravitational two-body relaxation in collisionless systems is given by [175] 
For standard CDM, t relax exceeds the age of the universe, hence any observed relaxation effects that cannot be explained by the influence of baryons indicate physics beyond CDM. For FDM, [14] suggested to replace the mass m of a single dark matter particle with the effective mass of "quasiparticles" representing the granular structure of wave interference patterns:
Defining M as the mass inside of a galactic radius r and introducing the free parameter 
Substituting the orbital velocity at radius r, v 2 ∼ Gmnr 2 , into Eq. (35) and comparing with Eq. (82), we recognize the close similarity of the condensation timescale in the kinetic description and the twobody quasiparticle relaxation time. Alternatively, t relax can be derived from the assumption of random shot noise density fluctuations at the scale λ dB [155] , demonstrating that the temporal coherence implied in the quasiparticle model is not central for this result.
Bar-Or et al. [176] provided a basis for the quasiparticle picture by explicitly deriving the diffusion coefficients for FDM relaxation and showing that they are identical to those for classical particles ([175]) if the classical particle mass and velocity distribution are replaced by
where f eff is normalized such that d 3 v f eff (v) = ρ, and the Coulomb logarithm log Λ FDM is defined in terms of the velocity dispersion σ as:
Consequently, the halo indeed behaves as if it were composed of quasiparticles that depend on the local density and velocity distribution. For example, a singular isothermal sphere with Maxwellian velocity distribution leads to the effective mass and de Broglie wavelength [176] : 
Massive test objects (stars, black holes etc.) with mass m t in an FDM halo lose energy (cool) by dynamical friction (backreaction of the object onto dark matter) proportional to m t and gain energy (heat up) by potential fluctuations produced by FDM proportional to m eff . If m t m eff , heating dominates and the heating timescale is approximately [176] τ heat 3σ
again in very close analogy to the kinetic condensation time from Eq. (35) . If m t m eff , cooling dominates with the approximate cooling timescale
which incorporates FDM effects only through its dependence on log Λ FDM . El-Zant et al. [177] confirmed and extended these results with a method they had previously developed to model gravitational relaxation caused by baryonic turbulent density fluctuations [178] . It uses the sweeping hypothesis from turbulence theory to map spatial fluctuation power spectra to temporal ones. In a way that is formally similar to fully-developed turbulence, the sweeping velocity in FDM models is correlated with the wavenumber of Fourier modes via the Schrödinger equation. Wave interference produces density power spectra with correlations near the de Broglie wavelength and white noise characteristics on large scales. The diffusion coefficients, effective mass, and distribution functions that follow from evaluating the force fluctuations coincide with those from [176] (Eq. (83)) in the diffusion limit.
The consequences of gravitational heating by FDM fluctuations on disk stars yield constraints around m 10 −22 depending on the details of model assumptions [14, 179, 177] . A similar lower bound on m is found from dynamical heating of stellar streams in the Milky Way [180] . Furthermore, [176] evaluated the competition of dynamical friction and gravitational heating on the inspiral of massive objects.
Observations of an old, compact star cluster in the center of the ultra-faint dwarf galaxy Eridanus-II [181] allow strong constraints on the allowed FDM fraction [155] . The central argument is that gravitational heating by stochastic density fluctuations or resonant pumping of orbital energies both inside the core and outside is inconsistent with observations for certain regions of parameter space, essentially limiting FDM-only models to m 10 −20 eV, with possible windows of exception around 10 −21 eV.
Marsh & Niemeyer [155] also used the turbulence-inspired model developed in [178] to estimate gravitational heating by FDM density fluctuations, albeit in a much more simplified manner than [177] by postulating a white noise density power spectrum at the de Broglie wavelength instead of computing the full wavelike force correlation function. Revisiting the constraints from Eridanus-II, [177] found results consistent with [155] under the same assumptions but point out limitations of using the diffusion approximation for masses m 10 −20 eV, when the minimum fluctuation wavelength exceeds the size of the star cluster. In this case, rather than changing the internal structure of the Figure 5 : FDM exclusions from the size and age of the Eri II star cluster (from [155] ).
cluster, fluctuations might give rise to stochastic motions of the entire cluster itself. This effect may allow additional constraints in a more detailed analysis. Simulations will play an important role in validating and calibrating these predictions.
Simulation methods
In contrast to collisionless CDM, where N-body methods have been established as the standard method for large-scale simulations of pure dark matter or in combination with hydrodynamical schemes, simulations of bosonic dark matter in regimes outside of the validity of the Vlasov equation are still mostly in an exploratory phase. Several approaches, differing both in the systems of equations solved and in the numerical methods for solving them, have been employed in the literature. Their relative advantages and disadvantages can roughly be ordered by spatial scales and computational complexity (in a non-rigorous sense), with large-scale, particle-like simulations with no or little overhead with respect to N-body methods on one end of the spectrum and small-scale, wave-like ones with considerable extra cost on the other. A brief overview is attempted below (see also [31, 182] for comparisons of different numerical methods), with warnings to the reader that it is likely to be outdated rather quickly.
N-body simulations
It was pointed out in the context of the Vlasov-Schrödinger correspondence (Section 3.3) that the coarse-grained statistical properties of ensembles of waves and collisionless particles interacting via gravity are indistinguishable on scales λ dB . Provided that all numerically resolved scales satisfy this condition at all times during a simulation, standard N-body methods have been argued to give an adequate representation of the dynamics of FDM. All of the differences between FDM and CDM are then encoded in the initial conditions produced with the linear transfer function Eq. (16) or alternatives such as AxionCamb [98] .
N-body solvers for FDM together with SPH methods for baryons have been used in studies of the Lyman-α forest constraints [96, 93] as well as in investigations of effects of the low-mass cutoff on the high-z luminosity function and on reionization [104, 119] . Li et al. [31] present a detailed analysis of the accuracy of this approach for predicting the Lyman-α flux power spectrum.
Methods based on the Madelung formulation
The similarity of the Madelung-transformed SP equations (Eq. (30)) with the Euler equations has prompted the exploration of a number of different methods from computational fluid dynamics for solving Eq. (30), including particle-based Lagrangian [183, 184, 185] , particle-mesh [186] , mesh-free finite volume [187] , and Eulerian [31] schemes. The key observation that makes them attractive, apart from their relatively straightforward implementation into existing hydrodynamical codes, is that the Madelung equations represent momentum as an explicit variable instead of the gradient of a phase. This allows a stable numerical solution without fully resolving the spatial structure of the scalar field ψ on scales ∼ λ dB . However, it is unclear how strongly the numerical coarse-graining of unresolved spatial scales affects the solution on resolved scales [186, 187] . It may be possible to correct for the effect of unresolved scales with subgrid-scale models similar to those employed in large-eddy simulations (LES) of turbulent flows [188] .
Furthermore, methods based on the fluid formalism have so far not been demonstrated to always converge to solutions of the SP equations even for high spatial resolution (∆x λ dB ). This problem is related to the fact that the "quantum pressure" term in Eq. (30) diverges close to interference nodes where ρ = 0. Systematic comparisons with SP-based schemes (see below) are needed to understand the convergence properties of different schemes toward physically meaningful solutions.
As a very preliminary summary, Madelung-based schemes appear most promising for simulating intermediate, weakly nonlinear scales where N-body schemes fail due to a growing influence of quantum pressure and unresolved interference structures are still sufficiently weak to make the solution wellbehaved. Whether this niche exists and how broad it is has yet to be explored.
Methods for solving the SP equations
Directly solving the SP equations is the most accurate yet most computationally demanding method for FDM simulations (see [189] for pioneering work). This can be traced back to the requirement of spatially resolving the phase of ψ in the entire domain in order to guarantee a faithful momentum reconstruction. Unlike in fluid methods, underresolving spatial scales in SP methods leads not only to a local loss of small-scale structure of the velocity field but to its complete misrepresentation on resolved scales. Phase variations are present at least down to ∼ λ dB , hence the spatial resolution ∆x must satisfy
to resolve λ dB with N grid cells. Moreover, high velocities are not restricted to regions of high density and thus more volume-filling in cosmological volumes, making adaptive-mesh refinement less efficient than usual. Finite-difference [124, 31, 190] and pseudo-spectral schemes with 2nd [189, 143, 67] , 4th [142] , and 6th order accuracy [38] have been employed to solve the SP equations. Generally speaking, Fourierbased pseudo-spectral methods are preferable due to their stability and lower resolution requirements for fixed accuracy. However, they are less convenient for isolated halo simulations and adaptive-mesh refinement(AMR) as they require periodic boundary conditions.
Finally, in an attempt to combine the advantages of particle schemes on large scales and SP methods on scales of collapsed halos, [62] introduced a hybrid method that solves the Vlasov-Poisson equations with an N-body solver on coarse grid levels and the SP equations on the most refined level of the AMR code Enzo.
Formation of axion miniclusters and axion stars
Being too massive to generate noticeable effects beyond CDM on scales of galaxies, QCD axions in the postinflationary PQ symmetry breaking scenario nonetheless differ dramatically on very small scales from standard CDM with adiabatic perturbations. Highly compact axion miniclusters form out of large isocurvature perturbations after the end of the cosmological QCD phase transition [34, 35, 36, 191, 192] . Their evolution can be split into an early phase governed by nonlinear axion self-interactions while gravitational effects are unimportant (Section 5.1), and a later (but still pre-matter-dominated) phase of gravitational structure formation with negligible local interactions (Section 5.2). Moreover, (dilute) axion stars can form inside axion miniclusters during the collapse itself or by gravitational Bose-Einstein condensation (Section 5.3).
Early non-gravitational structure formation
The evolution of the QCD axion field in the post-inflationary symmetry breaking scenario before the onset of gravitational collapse of structures was outlined in Section 2.3. Accurate modeling of the epoch between PQ symmetry breaking and matter-radiation equality is crucially important for predicting the final axion dark matter abundance and the statistical properties of small-scale structures forming the seeds for axion miniclusters.
This problem is exceptionally well-defined but highly nonlinear and spans a wide range of length and time scales. It therefore requires large numerical simulations for even approximate quantitative answers. The reasons will be briefly summarized below; they can be traced back to the periodic effective axion potential Eq. (2) and its UV completion, usually chosen to be a complex scalar field (cf. Eq. (1)) with a Mexican-hat potential. The description below follows most closely the work by Vaquero et al. [25] who placed their emphasis on understanding the dark matter density field and its role in triggering the formation of axion miniclusters; see [26] for a similar recent study. Other investigations using numerical simulations have focused on the final dark matter abundance in order to fix the axion mass [193, 194, 23] .
The first class of complications arises from the periodicity of the potential Eq. (2) in the misalignment angle θ a . Immediately after PQ symmetry breaking, it is randomly distributed in space and thereby forms a network of topologically trapped cosmic strings wrapped by cycles of θ a . String loops collapse into high-energy axions, relaxing the network. As the axions become massive (Eq. (10)), surfaces of θ a ∼ π gain higher potential energy and form domain walls connecting strings, pulling them together to reduce their surface tension. This process leads to a rapid destruction of strings and domain walls into axions, both relativistic and non-relativistic. The challenge is to compute the final density of nonrelativistic axions after all topological defects have decayed.
From the numerical point of view, the problem is hard due to the hierarchy of scales between the string core radius (fixing the string tension) and the Hubble length when the axion begins to oscillate, H −1 1 . The former is governed by the inverse mass of the radial mode of the UV completed complex axion field whereas the latter is given by the inverse axion mass m −1 , leading to a scale ratio of ∼ 10 28 which is impossible to resolve. Additionally, the constant physical core radius corresponds to a decreasing comoving one. Modern simulations therefore work with a variety of methods to maintain numerically resolved strings by making the mass of the radial mode explicitly time-dependent [195, 196] or auxiliary fields to achieve higher effective string tensions [197] . Although it is understood that insufficient spatial resolution can lead to the unphysical decay of domain walls [24] , current results indicate that the final axion yield depends only weakly on the numerical string tension [197] . The field remains very active.
The second phenomenon that calls for special attention is caused by the attractive nature of the axion self-interactions induced by higher-order terms in Eq. (2) . In regions of high amplitude, the attractive force can exceed the repulsive effect of the scalar field gradient and result in localized collapsing lumps, so-called "axitons" [35, 198, 36] . They are close relatives of oscillon solutions of the Sine-Gordon equation, further stabilized by the rapid mass growth of the axion as a function of decreasing temperature. The collapse is quenched by gradient pressure when the axiton core radius reaches ∼ m −1 and followed by violent oscillations. Axitons emit spherical waves of axions that survive as fossil spherical overdensities on small scales while on larger scales, axitons are observed to cluster in chain-like structures ("axiton rings and chains") [25] . Like topological defects, axitons must be spatially well resolved in simulations in order to accurately compute the final axion number. In [25] , axion self-interactions were switched off at late times and the further evolution was computed in a WKB approximation, allowing axitons to diffuse away. The final density distribution is argued not to be affected on scales that are relevant for the later formation of miniclusters.
After the axion mass has reached its final low-temperature value, the axion field has commenced oscillations and effectively turned into cold dark matter, and all axitons have diffused away, the evolution of the axion density field enters a relatively uneventful phase until self-gravity of overdensities becomes significant. The initial conditions for minicluster formation, called "minicluster seeds" in [25] , are therefore fixed by the final state of the early-universe simulations. Analyzing the properties of the density field in Fourier space, [25] found that the statistics are surprisingly Gaussian and exhibit a white-noise power spectrum below k ∼ 3 a 1 H 1 ∼ 3 L −1 1 where it begins to drop as ∼ k −3.5 . The cutoff hence appears at a higher momentum than expected from causally disconnected patches of the initially random misalignment angle and is relatively shallow, indicating the existence of significant substructure below the typical L 1 -scale of miniclusters. In position space, halo-finding methods show that regions of high overdensities cluster on scales L 1 in highly non-spherical structures. The most prevalent high-density minicluster seeds in [25] have masses less than 10 −2 M mc (cf. Eq. (19) ), supporting the conclusion that typical axion miniclusters are smaller than expected at the time of formation and significant substructure can be expected after a period of hierarchical structure formation.
Similar recent simulations report minicluster seed mass functions peaking at around 10 −14 M and typical overdensities of order unity [26] .
Formation and evolution of axion miniclusters
Semi-analytic models
After their creation, minicluster seeds with axion overdensity Φ collapse to form miniclusters at a redshift ∼ Φ z e with typical densities of ∼ 140 Φ 4 ρ e (Eq. (22) ). The HMF for axion miniclusters is modeled in [33] assuming a white noise power spectrum for the density perturbations and using a standard Press-Schechter (PS) formalism, fixing the mass scale at ∼ π 3 M mc . Large uncertainties remain in the parameterization of the low-mass cutoff, as it is determined by a combination of the high-k cutoff in the initial perturbations and the suppressed small-scale growth below the scalar field Jeans scale (Eq. (15)).
In [199] , the minicluster HMF is computed directly from the properties of the axion field before the QCD phase transition. The field fluctuations are mapped to final distribution of axion energy density perturbations, exhibiting a natural high-k cutoff produced by field gradients. The minicluster mass and size distribution is then derived using a variation of the PS method. This way, [199] predict a minicluster HMF that peaks at masses roughly two orders of magnitude below M mc from Eq. (19) and is therefore consistent with the typical minicluster mass extrapolated from [25] .
All of the semi-analytic approaches for the minicluster HMF assume Gaussian statistics for the density fluctuations. They cannot take into account local nonlinear phenomena such as strings, domain walls, or axitons. Most importantly, however, they are inherently unable to predict the total fraction of dark matter axions that are gravitationally bound in miniclusters versus the smoothly distributed, unbound axion fraction. This quantity is an key factor for computing constraints from direct (i.e., terrestrial) axion detection experiments that are sensitive to the local axion density. It is therefore important to go beyond semi-analytic models and study the formation of axion miniclusters in direct simulations.
Simulations
As long as λ dB R mc , using the virial velocity of miniclusters to estimate λ dB , the wavelike properties of axions are unimportant on scales of the minicluster and can be neglected. This condition is robustly satisfied for m ∼ 10 −5 eV, hence standard N-body methods provide a sufficient numerical approximation for this purpose (see the discussion in Section 4.4). Such simulations were presented in [191] , using initial conditions from an independent lattice simulation of a scalar field with axion-like potential (Eq. (2)). The simulated clusters have overdensities consistent with Eq. (22) and strongly variable density profiles with logarithmic slopes between −2 and −3. However, the spatial and mass resolution of 100 3 grid points and 100 3 particles for the lattice and N-body simulations was insufficient to resolve the formation of domain walls and axitons. Large N-body simulations with initial conditions from high-resolution lattice simulations are presently underway to tackle this problem.
Even in the absence of numerical results specific to axion miniclusters, it is nevertheless possible to formulate an educated guess for the expected density profiles by extrapolating known results. Bertschinger [200] derived the density profile for matter accreted onto a spherically symmetric perturbation from a homongeneous background, finding a steep power-law profile with ρ ∼ r −9/4 . This result was generally assumed to be a good approximation for the density profiles of so-called ultracompact minihalos (UCMHs) that form from rare, strong overdensities argued to be nearly spherically symmetric [201] . UCMHs are similar to axion miniclusters in several key attributes including their early formation and large fluctuation amplitude. Recently, their formation was studied in depth using N-body simulations with different kinds of initial conditions [202] , showing that even small initial deviations from spherical symmetry evolve into configurations that closely resemble NFW profiles with a shallower ∼ r −1 inner density profile. [203] argue that both self-similarity and isolation are necessary conditions for an r −9/4 profile. Informed by the ubiquity of substructure and the non-spherical morphology of axion minicluster seeds reported in [25] , we may therefore expect that the final density profiles of axion miniclusters have a shallower ρ ∼ r −1 slope.
Recent results from large N-body simulations following the formation of axion miniclusters far into the matter-dominated epoch largely confirm these ideas [204] . Miniclusters are observed to merge into larger structures with NFW-like profiles, so-called minicluster halos, resulting in an approximately scale-invariant halo mass function with slope ∼ −0.7. At redshift z = 100, the fraction of axions bound in minicluster halos is found to be approximately 0.75.
Tidal destruction
In order to evaluate the fraction of axions in miniclusters today, one needs to estimate their survival probability after tidal interactions with stars; gravitational heating from the collective potential of the Milky Way disk can be neglected in this case [205] . Tidal shocks from the gravitational acceleration of axions during a single close flyby of a star destroy the minicluster if the change of internal energy exceeds the total binding energy, ∆E |E|. Following [206] (see also [37] ), the maximum deadly impact parameter b c passing a star with mass M * with the relative velocity v rel is given by
where β is the logarithmic slope of the minicluster density profile, ρ ∼ r −β . The rate of minicluster destruction is
for b c > R and the stellar number density n * , leading to the destruction time [206] 
Note that the destruction time is independent of v rel and depends only on the mean density ρ mc of the minicluster and the slope of its density profile β, rather than its mass and radius individually. We can write it in terms of the dynamical timescale of the minicluster τ mc = (4πGρ mc ) −1/2 as
where ρ * = n * M * is the mass density of the stellar population under consideration. The fraction of tidally destroyed miniclusters during the age of the Milky Way t MW is
Disrupted miniclusters form tidal streams with densities lower than ρ mc by a factor inversely proportional to their volume growth R mc /v mc t mc , where t mc is the age of the stream [37] . In contrast with the negligibly low probability of encountering a minicluster during the lifetime a terrestrial axion detection experiment, the larger volume filling factor of axion streams enhances the chances of crossing a stream with relative overdensity ∼ 10 to approximately one every 20 years [37] . This motivates more detailed modeling of the disruption probability in order to obtain better forecasts for experimental constraints.
In [205] , the destruction probability P d is computed taking into account the highly eccentric orbits of miniclusters in different models for the Galactic halo. Stellar populations from the Galactic disk, bulge, and stellar halo are included in the analysis. [205] find typical values of
if the mean minicluster density is parameterized by Eq. (22), consistent with earlier estimates [37] . The density profile used by [205] , β = 1.8, is steeper than the inner part of an NFW profile (β = 1), hence a correction factor of F 1/2 (1.8)/F 1/2 (1) 1.3 has to be applied if simulations indeed find that miniclusters evolve similarly to UCMHs. The results of [205] show the sensitivity of P d on the modeling of the halo potential and stellar populations. While eccentric orbits reduce the relative importance of disk stars compared to previous estimates by [37] , including bulge and halo stars compensates this reduction, leading to a similar total result. More importantly, using an isothermal instead of an NFW halo model increases the disruption probability by bulge and halo stars, and in turn the probability of crossing an axion tidal stream, by almost a factor of three. The importance of improving the estimates for P d in computations of experimental constraints clearly motivate further investigations, possibly including numerical simulations.
Lensing detection
It has been suggested that axion miniclusters can be detected by femto-or picolensing [207] . Femtolensing of gamma-ray bursts has recently been critically reviewed and found to be very challenging [208] . Microlensing by miniclusters near the high-mass end of the halo mass function may be a promising alternative, with HSC observations of M31 [209] already placing constraints on the fraction of axions bound in miniclusters [210, 33] . These bounds depend sensitively on a set of model assumptions regarding the structure and statistics of axion miniclusters that will be probed by simulations in the near future.
Furthermore, strong magnification of stars crossing lensing caustics of galaxy clusters (already mentioned in Section 4.2 in the context of FDM) might indicate or constrain the presence of axion miniclusters [211] .
Formation of axion stars
Axion stars 7 are bound solutions of axions, stabilized against collapse by a coherent field gradient. This distinguishes them from merely virialized, incoherently oscillating systems like axion miniclusters, analogous to solitonic cores and incoherent outer halo configurations in FDM cosmologies (Section 4). They can be further classified into "dilute" and "dense" axion stars [42, 43, 44] , where the former are nonrelativistic and bound by gravity, whereas the latter are relativistic and bound by attractive axion self-interactions. Dense axion stars were identified as pseudo-breather solutions with cosmologically negligible lifetimes [43] and do not naturally form in scenarios of cosmological structure formation explored so far. We will hence only consider dilute axion stars in the following and drop the qualifier. Then, axion stars are simply solitonic solutions of the SP equations introduced in Section 3.2. The collapse of axion stars above a critical mass produces bursts of relativistic axions [41] and may under certain circumstances create black holes [214, 215] , but we stress again that there are currently no known channels to produce a non-negligible population of such high-mass axion stars in standard cosmologies.
Numerous fascinating, potentially observable phenomena involving axion star collapse, decay, or collisions with other astrophysical objects have been proposed in the literature [216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226, 227] . Involving relativistic effects, self-interactions, or axion-photon coupling in fundamental ways, they unfortunately extend beyond the self-imposed scope of this article. We will instead proceed by summarizing the current understanding of the formation of axion stars in a cosmological setting by gravitational interactions. Although it is presently still unclear whether a sharp distinction is meaningful, we will discuss two formation channels: a slow process that is well described by gravitational Bose-Einstein condensation in the kinetic regime (as discussed in Section 3.3), and a rapid one governed by strong fluctuations of the gravitational potential on all scales that occur during violent relaxation (analogous to the formation of solitonic halo cores in FDM scenarios, see Section 4.2).
The possibility that axion stars might form from axion dark matter by classical Bose-Einstein condensation was first studied by Tkachev [52, 39] . Recently, this process was reproduced in threedimensional simulations of the SP equations starting from a statistically homogeneous ensemble of random waves [38] . It applies to situations where the coherence length of the axion field λ dB is much smaller than the characteristic spatial scale of the system, allowing a clear scale separation between the background gravitational potential and its fluctuations (called the "kinetic regime" in [38] , cf. miniclusters with mean densities given by Eq. (22), it can be expressed as [38] :
Their subsequent growth obeys Eq. (50). Rapid formation of axion stars during the collapse of axion miniclusters was recently observed in simulations of the comoving SP equations [63] (see Fig. 6 ) using initial conditions from early-universe axion lattice simulations [25] . Under the simplifying assumption that the qualitative features of the formation process can be studied with an unrealistically low axion mass of 10 −8 eV (in order to satisfy numerical resolution requirements), the simulations confirm the production of central axion stars in a highly excited state, exhibiting large-amplitude quasinormal oscillations. This is in agreement with similar results from simulations of solitonic cores forming in FDM halos [62] (cf. Section 4.2). They also confirm the mass growth rate Eq. (50) and the mass relation for binary axion star mergers Eq. (79). However, the formation time is significantly shorter than the condensation time τ and closer to the dynamical timescale of the host minicluster. This may signal a breakdown of the kinetic description which defines the condensation time. During the collapse and virialization of the minicluster by violent relaxation, strong density fluctuations violate the sharp separation of background and fluctuating potential and can plausibly enhance the probability of forming a bound central overdensity substantially. Whether or not this constitutes an independent formation channel or simply a limiting case of the kinetic description for low initial velocities and small axion masses (i.e., λ dB ∼ R mc ) is one of the many open questions for future work.
Summary and outlook
The research of nonlinear structure formation with ALP dark matter presently enjoys a healthy interplay of theory, simulations, and observations, with recognizable potential for short-term improvements in each. Theory has established the structure of solitonic objects (FDM cores or axion stars), their mass in relation to their host halo, and their formation during the virialization of the halo or later by classical Bose-Einstein condensation. Furthermore, the modified effects of gravitational heating and dynamic friction from fluctuating scalar fields have been computed and evaluated for important cases. Interesting open questions include the dynamics of soliton formation outside of the kinetic regime, their subsequent mass growth and saturation, and the strength and relevance of their excitations. The impact of baryonic structures, black holes, and dark matter substructure is yet unexplored except for simple cases.
Simulations will have to play their part in answering these questions, and numerical methods are making great strides towards this goal. Important parts of the phenomenology result from modified initial conditions inherited from the early evolution of ALP fields. These include the suppression of small-scale perturbations in FDM cosmologies and the formation of axion miniclusters in the unbroken scenario for QCD axion dark matter. Guided by the Schrödinger-Vlasov correspondence, these effects are adequately modeled with N-body schemes on scales far greater than the de Broglie wavelength. Others depend explicitly on the wavelike nature of bosonic dark matter, such as the formation and growth of solitonic objects or enhanced gravitational heating and dynamical friction of stars and black holes. The development of efficient schemes for solving the Schrödinger-Poisson equations needed for these cases proceeds with great intensity. At the moment, however, the computational cost for achieving the necessary dynamical range from the de Broglie wavelength to cosmological scales is still prohibitively high for much of the interesting parameter space. Alternatives to solving the Schrödinger-Poisson equations in the entire domain, e.g. hybrid methods or fluid-based schemes, are under active investigation.
Astronomical observations are highly complementary to terrestrial experiments and already severely constrain the allowed mass range for FDM. At present, the most stringent constraints are derived from suppressed small-scale power probed by the Lyα forest, luminosity functions of high-z galaxies, and reionization, yielding m 10 −21 eV. Not strongly affected by wavelike effects, they are robustly supported by simulations, see above. On the other hand, the velocity profiles of several dwarf galaxies are well described by a solitonic FDM core for m ∼ 10 −22 eV, in conflict with the power spectrum constraints. Mass limits from gravitational heating are beginning to become competitive with those from suppressed small-scale structure and might reach similar constraining power with the availability of more realistic simulations. In the mass range relevant for QCD axions, axion miniclusters and axion stars offer new opportunities for detection by gravitational microlensing or transient electromagnetic signals.
Chances are high that this article will be out of date after a short period of time. Indicating good health of this field, this fact should be seen as a positive sign.
